A pairwise additive strategy for quantifying multipartite entanglement 
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Based on the idea of measuring the factorizability of a given density matrix, we propose a pairwise 
analysis strategy for quantifying and understanding multipartite entanglement. The methodology 
proves very effective as it immediately guarantees, in addition to the usual entanglement prop- 
erties, additivity and strong super additivity. We give a specific set of quantities that fulfill the 
protocol and which, according to our numerical calculations, make the entanglement measure an 
LOCC non-increasing function. The strategy allows a redefinition of the structural concept of global 
entanglement. 

PACS numbers: 03.67.-a, 03.65.Ud, 03.67.Lx 



In a previous work of ours we presented a geometri- 
cal scenario to quantify multipartite entanglement 
To account for the known problems exhibited by the 
Meyer- Wallach measure of entanglement [2j , we proposed 
a quantity which can be evaluated for any bipartition of a 
multipartite quantum state. An average of such a quan- 
tity over all bipartitions would then give a measure of 
the entanglement of the state independently of the con- 
sidered bipartition. However, the quantity proposed in 
Ref. [l| had the inconvenience that it did not exhibit local 
unitary invariance for transformations on the first qubit. 

To overcome this, in this work we choose an approach 
whereby, instead of taking all of the possible state bi- 
partitions, we consider all of the possible pairs. This 
introduces the need for a quantity that is capable of 
characterizing the degree of entanglement between any 
two given qubits. Thus, we introduce a probe quantity 
V{A,B) = V(pab) which measures the degree of non- 
factorizability between two qubits, not in the sense of 
the tangle r Q , but with the idea of measuring the fac- 
torizability of the density matrix, namely how feasible it 
is to write the density matrix as pab — Pa® Pb- Note 
that this idea is closely related to the concept of entan- 
glement in a pure two-qudit scenario 

Many measures of multipartite entanglement have 
been proposed through different mechanisms [1, [B|, @, 0, 
la]. In particular several authors 

U, H EE E3 have tried 

to describe the entanglement in a pure multipartite state 
through quantifying the available entanglement in a spe- 
cific bipartition of the state and then taking on all bipar- 
titions. This approach involves some issues: first of all, 
one must be able to find an appropriate unitary invari- 
ant quantity which does the trick, and second, for large 
numbers of qudits the amount of possible bipartitions is 
too big. Instead, we consider a more economic approach 
by resorting to all the possible two-qudit density matri- 
ces [22j], expand on the consequences and advantages of 
this strategy, and propose specific candidates for the V 
measure. 

We define our entanglement measure M as an arith- 



metical average of the quantity V 

£ V(A,B) , (1) 

(A,B) 



where C% = 



and the sum is over all possi- 



ble non-equivalent arrays of pairs of qubits. Note the 
dependence of the normalization factor J\f(P(A,B)) on 
the quantity we use as a probe: Af(Qc(A, B)) — 1 and 
N(Tr{A, B)) = 2 — 5n,2 (see below for definitions of Qc 
and Tr). The case of mixed states would require the 
extension 



M(p) = mm^2 Pi M(pi) 



(2) 



where the minimum is intended over all possible decom- 
positions. Alternatively we can rewrite the minimization 
condition as follows. Let p be a generic (mixed or pure) 
n-partite density matrix, and let p SiSj be the reduced 
density matrix for qubits S; and Sj . In terms of the probe 
quantities, the minimization condition reads 



M(p) = mmY,PiM(pi)= mm J2 Pi ( £ 

/ Si^Sj 

= mm £^G^) ■ (3) 

This implies that the minimization condition is equiv- 
alent to minimizing the value of V for each two 
qubit reduced density matrix, that is V{p SiSj ) = 

mm S; Ql'P(PsiSi)j where pi} s . may be mixed, with three 
simultaneous constraints: i) All reduced density matrices 
must have the same coefficients, if the two qubit reduced 
density matrices are minimized by p SiSj — Qi Pa'Vj 
then q^ StSj ^ = /; for all pairs (fiiSj), h) The set of two 
qubit reduced density matrices p^}sj correspond to an n- 
partite pure density matrix pi for each I, and iii) p is 
expanded by J2piPi- This definition is consistent when 
p is a pure density matrix: condition iii) requires that 
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there is only one non vanishing thus automatically 
guaranteeing conditions i) and ii) and reducing to our 
previously defined measure. This alternative form of the 
minimization condition, a pairwise minimization condi- 
tion, will be used in the proof of the properties described 
below. In this way we gain some properties that are de- 
sirable for entanglement measures, but that may not be 
so conventional or easy to satisfy [l3] 23]. Additivity is 
one good example: given two pure density matrices, say 
a and n, and an entanglement measure £, then 

8{a®ri) >£(o-®0 E )+£(0 E ®v) , (4) 

where is a generic separable density matrix. If for 
all a and 77, equality holds then we say the measure is 
fully additive; if only the inequality is true the measure 
is sub additive. We make explicit the inclusion of (§>Qe 
and 0e<%) to avoid a situation whereby, if a and 77 are EPR 
density matrices, then we would have that £(a)+£(r]) = 
2 = £ (a ® 77), which is unsatisfactory with £(\EPR)) = 
£(\GHZ N )). 

For the sake of clarity, consider, for example, the case 
of two two-qubits density matrices 01,2 and 03,4. Then 
£(<7i,2 <8> 0-3,4) = (Hi, 2) + P(3,4))/6, since 7>(1,3) = 
7>(1,4) = 7>(2,3) = -P(2,4) = 0. Then additivity is 
fulfilled since £(cr 1)2 <8 E ) = 7>(l,2)/6, and £(0^ <gi 
C3.4) = "P(3,4)/6. A similar argument holds for ar- 
bitrary A-qubit pure density matrices. The general 
proof that M. is additive requires the following extra 
condition. Let p = ^PiPi, and r\ = ^n^, be two 
generic density matrices in their A^-minimizing decom- 
positions of the qubits {i p }, and {i n } respectively, with 
A s = dim{i s }. Then the corresponding minimizing de- 
composition p <£> r\ = ^2piPi <S> n jVj- We prove this by 
construction, here p and a are two qubit density matri- 
ces. Let us assume that the minimizing decomposition 
of p (gi a is given by pab <S> va>b> = Y^Qi°~ABA'B', then 

Pab is decomposed as Q^ab anc ^ &A'B' = Yh^'a'B'- 
We notice that even a smaller A-4-decomposition for each 
a AB can b e f oun d provided that for a generic p, 

V (pab ) > min ^ V l V (pab ) W . (5) 

Also notice that this minimization, however, cannot be 
possible unless constraints i) and ii) are relaxed for 
this reduced density matrix. In so doing, we require 



min^2piV(p S ' S )^ = for s = A, B, thus releasing the 
constraints on o~$ B and <x^, B , and allowing the possibility 
of a smaller minimum. At the same time we are obtaining 
the absolute minimum, zero, for decompositions of p^) s 
for s = A, B, hence obtaining the minimizing decomposi- 
tion pab ® o~a> b' = 2 1iP ab ® 1j a A'B' > wmc h proves the 
statement. We want to show that, given an arbitrary de- 
composition, we can always build a decomposition with 
a smaller value of the convex roof extension of M. : 

M(a®n) = Armn^pi P(a$ n ) 

i mn 

> AminJ2pi[J2 P ^ ( 3n')+J2 P ^n) 

i xm'n' rnn , 

> £(<j®0 e )+£(0e®v) , ( 6 ) 

where A = A/'(C^ V ) _1 . For arbitrary dimension a similar 
analysis holds, and Eq. (|20|) now reads, 

> mmJ2Pi^2npAB) {i) . (7) 

A,B A,B 

Equation (TPS)) is then a generalization of Eq. (j2"0|) for mul- 
tipartite density matrices. Thus, the strategy provides a 
fully additive measure for pure states. In addition, if 
both Eq. (H| and Eq. (TT9|) hold we also have full ad- 
ditivity for mixed bipartite and arbitrary mixed states 
respectively. 

Our construction also guarantees strong super additiv- 
ity. Note that only a few of the measures reported in the 
literature satisfy both the properties of additivity and 
strong super additivity :13]. For the latter property to 
be satisfied we should have, for all p AA BB , 

E(p AA ' BB ') > E(p AB ® 0%' B ') + E(0 AB <gs p A ' B ') , (8) 

where p AB = Tr n on(AB)P AA ' BB ' [l]|, that is tracing 
all subsystems but A, B. We extend this definition to 
the multipartite case, allowing A, B, A' and B' to be 
multi-qubit registers. The proof that our measure sat- 
isfies Eq. ([5]) is as follows: Let A,A',B and B 1 be the 
qubit registers {ia}, {*b}> and {iB 1 } respectively, 

and let N s = dim{i s }, with S = A,A',B,B'. Sup- 
pose that the decomposition minimizing M(p AA BB ) is 

p AA'BB' = J2 Pia AA>BB' xhcn 



M( P AA ' BB ') = A(Y,niA,3A) + ' + £>(iA,ifl) + £P( i *J*')+£^<,iA')+ (9) 

E^^is) + ^P(u^i s O + E^,is) + E p (^^) + E p (^^iB')) (p aa ' bb ')> 

I 



noting that N = 



N A + N B + N A > + N B >, and that we require that Eq. (JTUJ) holds. The case where N A = N B = 



3 



Na> = N B > = 1 is of particular interest, and the proof 
requires Eq. (|20)l to be satisfied. 

On the other hand, analogously for AB and A'B', 



m ( P AB = J2p^ b ) < aQlWaJa 



AA'BB' 



(10) 



This is so because, although we had already chosen a 
decomposition minimizing A4(p AA BB ), ^2Pi&f B may 
not be the minimizing decomposition of p AB . Then, 

M [ P AA ' BB ') > A^V(i A ,j A ) + ^V(i A ,j B ) + 

Y. r ^ B ^ B ) + Y. r ^ A '^ A, ) + Y. r 

Cutis') + 

Y,mB>,3B-)) (p AA ' BB ')>M(p AB )+M(p A ' B ').(n) 

The probe quantity must satisfy Eq. (fill)) and Eq. (j^Uj) to 
be strongly super additive in the most general way, i.e., 



M{ P 



AA'BB' CC 



^A'B'C'\ 



) > M( P 



ABC 







A'B'C' 
E 



) +M(0 



ABC 
E 



p" " " ). If it only satisfies Eq. (j2"0"l) then we would have 
a restricted strong super additivity: a pairwise strong 
super additivity, i.e., M{p ABCA ' B ' c ') > M(p AA ' 



BB ' CC ')+M(0 



AA' , 
E 



BB' 



0% C ')+M(<d 



AA'BB' , 
E 



JCC' 



We show that one of our proposed quantities satisfies 
Eq. (|20p . making it a suitable candidate for our measure. 

Other properties, such as regularizability, continuity, 
and non lockability 13j, may also be easier to prove 
through our strategy. Thus, we have proposed a con- 
sistent and complete measure of entanglement. The way 
that the additivity and the strong super additivity intro- 
duced here differ from the traditional presentation can 
be settled by replacing the M.{\GHZj^)) — log 2 d with 
M(\GHZn)) = C 2 log 2 d, and thus removing the Af and 
(C^) -1 normalization factors in A4; this would leave us 
with a fully additive and strongly super additive measure 
in the traditional way. We next discuss some possible 
choices for V . 

Quantifying entanglement via probe quantities V — . 
We are interested in a quantity that, unlike the tan- 
gle (which would yield zero for the two-qubit density 
matrices of a generalized GHZ state, thus not being a 
desirable quantity to average), is capable of determin- 
ing how far a density matrix is from being written as 
Pab = Pa® Pb- Note that we require that it vanishes if 
and only if the matrix is factorizable, i.e. if the two sub- 
systems are not correlated. In contrast, the concurrence 
vanishes if and only if the two subsystems are not quan- 
tum correlated. Consider for example a GHZ and a fully 
factorizable state: for the GHZ state, all two qubit den- 
sity matrices have vanishing quantum correlations whilst 
they have non- vanishing values for V] the fully separable 
state has vanishing quantum correlations and vanishing 
V . This illustrates why V and not the concurrence suits 
our strategy better. We next propose two quantities that 
satisfy the above requirements. 



i) The quasi- concurrence Qc- Following Wooters 0|, 
consider, in decreasing order, the eigenvalues Aj's of the 
matrix ^/pabPab, where p AB = (<J 2 <8> <J 2 )p* AB {a 2 <8> o 2 ). 
The concurrence is defined through the Aj's as C(p AB ) = 
max{0, Ai — X 2 — A3 — A4}, and it can be shown to be 
equivalent to 2(1 — Tr[p^]) = Ai for the pure state case. 
For the above mentioned reasons, we define an alternate 
nonnegative quantity, the quasi- concurrence Qc(pab) — 
Ai + A 2 — A 3 — A4. It is easy to convince oneself that it 
equals zero for any factorizable density matrix, which fol- 
lows from the observation that if a matrix is factorizable 
then Ai = A 2 = A 3 = A 4 , thus yielding Qc(pab) = 0. 
It equals one if and only if \J pab Pab has at most two 
non- vanishing eigenvalues summing one, a condition sat- 
isfied by EPR density matrices and the two-qubit re- 
duced density matrices in a generalized GHZ state. As 
the eigenvalues are invariant under local unitary oper- 
ations, then Qc(pab) is LU invariant. It also satisfies 
Qc(pab) = Ai + A 2 — A3 — A 4 > Ai — A 2 — A 3 — A4 = 
m[n Y,iP* c (PA B ) = ™nJ2iPiQc(p A B), as p AB are 
pure density matrices, and thus C(p AB ) = Qc(Pab)- 
Hence Qc(pab) satisfies Eq. (|2U)l . Therefore a measure 
based on the strategy proposed here using Qc(par) is 
both additive and pairwise strongly super additive [24[ . 

ii) The von Neumann's mutual information !Fr(A,B). 
This measures how correlated the two subsystems in 
p A B are; if S(p) denotes the von Neumann entropy then 
Tr{A, B) = \ [S(p A ) + S{ PB ) - S(pab)} 0- In this 
way, it is if and only if p is factorizable and 1 for max- 
imally non-factorizable density matrices. Then A4^ r is 
a local unitary invariant which measures how much in- 
formation we gain on average after measuring one qubit, 
thus a suitable measure. It is an LOCC non-increasing 
function for N < 3; numerical results suggest it is also 
an LOCC monotone for N > 3, however a formal proof 
is yet to be provided. Also it can be seen it satisfies 
Eq. (|20p . as Tr measures total correlations which are 
greater or equal than the quantum correlations obtained 
through the convex-roof construction. We conjecture it 
also satisfies Eq. (fl9| which allows us to build a fully ad- 
ditive measure A4f ri with the nice feature that it can be 
readily applied to qudit systems. 

It is not yet fully understood which of the above given 
measures more accurately quantifies the degree of factor- 
izability, however, and for illustrative purposes, we per- 
form below some numerical calculations using Qc(pab) 
and Tr{A 1 B) without necessarily implying that one of 
them is the most accurate quantity. We have performed 
numerical simulations which suggest that J-r(A, B) and 
Qc(pab) make M. an LOCC non- increasing function. 

First, we use Qc(pab) as the probe quantity. Let us 
consider the case of multipartite pure qubit states, i) For 
generalized GHZ states, \GHZ) = -^{ \$)® N + \1)® N ) 
(consider N > 3), we have Qc(pab) = 1 for all p A B, 
thus yielding A4 = 1, ii) for a tripartite W state, 
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\W) = -^(|100) + |010) + |001)), M = 2/3, and iii) for a 
completely separable state we have Qc(pab) — for all 
Pab- Second, we test for the Tr's. Considering the same 
states as above, we get i) all the two qubit reduced den- 
sity matrices yield Tr{A, B) = 1/2, ii) Fr(A, B) ~ 0.46 
for all (A, B), and iii) !Fr(A,B) = 0, respectively. Here 
the result of case i) may seem a non-desired one, as there 
would be states with Tr(A, B)'s greater than 1/2. It is 
interesting to note, however, that this observation leads 
us to the following finding. Consider the maximally en- 
tangled mixed state (MEMS) [H|: 



Pmems 



fx/2 



\x/2 



x/2\ 

-£00 


Ox/2/ 



(12) 



A straightforward calculation shows that J 7 r(A, B) > 
J : r(A,B)\Q HZ } for x — > 1. This does not imply, how- 
ever, that we would have a value of M. higher than 
that of M\ghz)- To see this, consider the smallest 

given by the four qubit 
/^T4(|0000) + 



purification of pmems [1£ 

state WpureMEMS = I 0101 ) 

|0011) + fllOO) + |1111>). Clearly Tr{l, 2) = Tr% 4) > 
Tr(A,B)\ GHZ) for x -» 1, but J^r (1,3) = ^r(l,4) = 
Fr(2,3) = J>(2,4) < Fr{A, B) lGHZ) , and M < 
M\ghz), thus illustrating the point. Here we have 
fixed the normalization constants in such a way that 
Tr(A,B)\EPR) = 1- The following theorem formalizes 
the above observation 

Theorem .1 For a N-qudits quantum state, M.f r is 
normalized to log 2 d. 



Proof For Tr, we can prove that the measure is indeed 
normalized in the following way. To simplify the nota- 
tion, we shall use S(X) — > X. Von Neumann entropy's 
strong sub additivity reads 



XYZ < XY + YZ -Y, 



(13) 



we will use this inequality intensively using different par- 
titions at our convenience along the rest of the paper. 
The proof for the three qubit case ^ abc is trivial, us- 
ing S(AB) = S(C), we get that M = M(C$)-\A + B + 
C) < l°g2 d- F° r the four qubit case, using von Neum- 
man's entropy strong subadditivity and assignations of 
(X,Y,Z) = {(£?, A, C); (B, D, A);(B, C, D)} it follows 
that 



Mjr r < — (3B + 2A + 2C + 2D - BAC — BDA — BCD) 



-(3B + A + C + D) < log 2 d 



where we have used that S(pi) < log 2 d. 

For five qubits, consider the following inequality, 

XYZW < YXZ + YWZ -YZ 

< XY + XZ + YW + WZ -YZ - X - W, 
summing for the assignations of (X, Y, Z, W) = 
{(E, A, B, C); (E, A, C, D); (B, A, D, C); (B, A, E, D); 
(A, B, C, D); (A, B, D, E); (D, B, E, C); (B, C, D, E); 
(A,C,E,B);(A,D,E,C)} we get, using that in £ 
N-qubit pure state S(Ax, A m ) = S(A m+ i, An) 



6(A + B + C + D + E) — 3{AB + AC + AD + AE + BC + BD + BE + CD + CE + DE) < 
12 (A + B + C + D + E)- 3(AB + AC + AD + AE + BC + BD + BE + CD + CE + DE) < 6(A + B + C + D + E) 



M? r < log 2 d. 

I 



(14) 



For higher number of qubits, similar inequalities can be 
tailored. § 

Hence, we see that according to Fr(A,B), a GHZ 
state is not the state with the highest non-factorizability 
among its components but the one with the highest av- 
erage, and thus with the highest possible M.. Moreover, 
if we use Qc{pab) as the probe quantity, we obtain a 
stronger condition: here the GHZ state not only has the 
highest average but the highest non-factorizability among 
its components. 



Hence, we identify two types of states, i) Homoge- 
neously entangled states: the ones for which V(A,B) is 
the same for all (A, B), and ii) Heterogeneously entan- 
gled states: the ones for which the values for V(A,B) 
may be different for each (A, B). In the first category we 
find, e.g., the W state, and the GHZ state, whilst in the 
second one we find m-separable states, \EPR) <g> \EPR), 

\^)pureMEMS> e ^ c - ^ n ^ n ^ s wa y> we introduce the follow- 
ing definition: a GHZ state is the homogeneously entan- 
gled state with the highest value of Fr(A, B) (Qc(pab)) 
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and thus of M. . 

We next compute for some states that are directly rele- 
vant to quantum information protocols [TtJ • We consider 
the "(1,4) ® (2,3)" correlated product of EPR states 
I*) = ±(|0000} + |0110) + |1001) + |1111» 0, [01 [II, the 
four-qubit entangled state \ X ) = ^ (|0000) - |0011) - 
|0101) + |0110) + |1001) + |1010) + |1100) + |1111)) [2(1, 
and the so-called cluster state |$ 4 ) = ±(|0000) + |0110) + 
1 1001) - 1 1111)) [H[. A direct calculation yields 



Qc[Fr](i,j) 


(1,2) (1,3) 


(1,4) (2,3) 


(2,4) (3,4) M Qc 


M.Tt 







1 [1] 1 [1] 


1/3 


2/3 


Ix) 





1 [1/2] 1 [1/2] 


1/3 


1/3 


1*4) 





1 [1/2] 1 [1/2] 


1/3 


1/3 



which shows that Qc{A,B) ^ 0, and Tr(A,B) ^ for 
(A, B) — (1,4), (2, 3), and equal zero otherwise. Thus, 
there are non-factorizable states (e.g. \x) and |$4)) 
whose probe quantities yield a similar structure to that of 
the semi-factorizable states (e.g. I*)). Equivalently, we 
may define a genuine globally entangled state as a state 
for which V(A, B) ^ for all (A, B). Note that Tr gives 
the mutual information of system AB, i.e. how much 
information we gain about B after measuring A or vice 
versa. Our definition would read that a state is genuine 
globally entangled if after measuring one qubit we gain 
some information about all of the other qubits in the reg- 
ister. In the case of the four-party states considered here, 
we see that we gain no knowledge of the state of qubits 2 
or 3 after measuring qubits 1 or 4, i.e. qubits 2 and 3 are 
not correlated with 1 and 4 (see table above), and they 
behave, in this context, as if they were semi-factorizable 
and not like genuinely globally entangled states. This 
definition is in contrast with results reported in the lit- 
IcL 20j . in particular with bipartition strategies 



'ipar 

B 



ii] 



crature 

such as the ones introduced in Refs. 

Remarks on the additivity of M. — . We note that the 
way we have casted additivity is not equivalent to the 
traditional way 



E(p®o) = E(p)+E(a) 



(15) 



The choice we have made here is based on the condi- 
tion E(\GHZn)) = log 2 d, which implied the inclusion 
of Af and (C^) -1 as normalization factors. However, by 
choosing the normalization 

E(\GHZ N )) = C. 



N 



l0g 2 ( 



(16) 



we remove the normalization factors and hence have a 
fully additive measure in the traditional way. This ob- 
servation is of relevance, and the same idea of the pre- 
viously presented proofs holds by means of omitting the 
normalization factors and thus obtaining Eq. (fT5|) . 

We want to argue in favor of the way we introduced 
additivity in the first part of this work. Additivity is a 



desired property based on the intuitive observation that if 
Alice and Bob have two EPR pairs they must have twice 
the amount of entanglement than if they only share one 
EPR pair. Our formulation is consistent with this ob- 
servation, but an important consideration regarding the 
size of the qubit register holds. In order to compare two 
EPR pairs with one EPR pair we must consider the right 
scenario, and the question can be posed in the follow- 
ing terms. Suppose Alice and Bob share an EPR pair, 
hence they have a fixed amount of entanglement. If they 
manage to create another EPR pair, then how much en- 
tanglement do they share now? The answer is, as we 
have shown earlier, that they should double the amount 
of entanglement. However, if they can create a second 
EPR pair, it means that they had at least four qubits 
at their disposal in the first place, which has been illus- 
trated by the ®0e and 0_g£g> terms in our formula. Thus, 
our formulation of additivity indeed shows that the strat- 
egy provides an additive measure of entanglement. For 
completeness we cast the traditionally additive measure 
we reach after the discussion above 



Ml= ]T V(A,B) . 

(A,B) 



(17) 



Either of the two measures, M. or A4 T , depends on the 
choice of additivity we make. For illustration we now 
recast the proof of additivity in the traditional way. Re- 
call that we have already shown that Tr and Qc satisfy 
Eq . (j20|) . and thus we have a fully additive measure. 



(18) 



Theorem .2 (Traditional additivity) 

The entanglement measure KA^p is fully additive, i.e. 

E{a®n) =8(<t) + E(rf) , 

provided 

AB ■ 



(19) 



A.B 



A.B 



Proof The proof basically relies on the pairwise mini- 
mizing condition. Consider two generic m and N — m 
qudit density matrices, r\ and a, thus it guarantees that 
there exists a bifactorizable decomposition of the form 
■q®a = pirf®qiO- 1 . Our plan or the proof is the following: 
we will assume that we have a generic, non-bifactorizable, 
minimizing decompostion, and we will show that the bi- 
factorizable decomposition has a lower value of entangle- 
ment following the convex roof construction recipe. For 
simplicity we will show it here for the m = 2 case, how- 
ever the argument is easily extrapolated to the multipar- 
tite case. 

If we have a non-bifactorizable decomposition of the 
form p = ^2piO~ l , then we have that there are non- 
vanishing pairwise minimizing decompositions for px2, 
Pi3,Pi4,P23,/°24 and p 3 4, with values denoted as f(pAB)- 
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On the other hand, a bifactorizable decomposition would 
have other values for their minimizing decomposition, 
namely g(pAB), and in particular some of them vanish, 
ff(Pi3) = g(Pu) = .9O23) = 9{P2i) = 0, which implies 
that g(pi3) < f{pi3) and similarly for (1,4), (2, 3) and 
(2,4). 

Now, the proof would be complete if we demand that 
giPli) < f(pu) and g{pzi) < f{pti)- This is equivalent 
to demand that the lowest value achieved by any decom- 
position is on pure state matrices, namely on a decom- 
position pab = X] Q PccPab wnere Pab i s a P ure density 
matrix. This is equivalent then to demand that 

V{pab) > min^ Pi V(pab) {i) ■ (20) 

as claimed. The extension of the argument to more qudits 
is straightforward, and would leave us with the condition 

Y,V(PAB) >min^2 Pi J2npAB)^, (21) 

A,B A,B 

where the minimization is intended over every possi- 
ble decomposition on pure states. Note that if this is 
true then any decomposition on mixed states will yield a 
higher value of entanglement. | 

We have presented an alternative approach for quan- 
tifying multipartite entanglement. In so doing, we have 
proposed entanglement measures based on pairwise strat- 
egy which naturally exhibit, in addition to the usual en- 
tanglement properties 0, HH, [l3| , additivity and strong 
super additivity. We have given a set of measures which 
fulfill the role of V(A, B) and are LOCC non-increasing 
functions according to numerical results. Our proposal 
shows that the pairwise analysis strategy is very effective 
for quantifying entanglement and that it also guarantees 
most of the non-conventional properties of entanglement 
measures. In addition, we have also shown that such a 
strategy allows a redefinition of the structural concept of 
global entanglement. 
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